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Abstract
We modify Randall-Sundrum model of brane-world (with two branes) by adding
the scalar curvature squared term in five dimensions. We find that it does not
destabilize Randall-Sundrum solution to the hierarchy problem of the Standard
Model in particle physics.
1 Introduction
The basic idea of ”brane-world” is an assumption that our ”world” is confined to
a ”brane” in a higher-dimensional space-time. To the best of our knowledge, this
idea was first proposed in 1983 by Rubakov and Shaposhnikov [1] who studied a
confinement of matter on a domain wall in a five-dimensional spacetime. In 1998,
Arkani-Hamed, Dimopoulos and Dvali [2] found that brane-world may be the
alternative to (Kaluza-Klein) spacetime compactification in solving the hierarchy
problem of particle physics.
Two elegant and simple brane-world models were proposed by Randall and
Sundrum in 1999 [3]. The first of them (dubbed RSI) has two branes embedded in
a five-dimensional spacetime with a negative cosmological constant. One brane is
identified with our visible Universe, whereas another brane is hidden, similarly to
Horava-Witten model in string theory [4]. The RSI brane-world model generates
a large (exponential) hierarchy between the electro-weak scale and the Planck
scale by using the geometrical warp factor in a higher-dimensional spacetime
metric, with a small extra dimension forming an orbifold S1/Z2 (see e.g., [5] for
a review).
In brane-world scenarios, extra dimensions may be large and even infinite,
while only gravity can be present there. The brane-world idea survives all exper-
imental checks. However, there is no experimental evidence for the existence of
extra dimensions either.
The success of brane-world poses the question of its stability against possible
modifications of Einstein gravity. Such modifications are inevitable because the
Einstein gravity is known to be non-renormalizable, either in four or higher space-
time dimensions. In this paper we answer this question by modifying gravity in
five spacetime dimensions via adding the simplest higher-order term proportional
to the scalar curvature squared, in the context of the RSI brane-world model.
We use the natural units, c = ~ = 1, and the five-dimensional spacetime
signature ηµν = diag(−,+,+,+,+). Capital Latin indices refer to five spacetime
dimensions, while lower case Greek indices refer to four dimensions of a brane.
Our gravitational action in five dimensions reads
Sgr. =
1
2κ2
∫
d5x
√−g(R + αR2 − Λ) , (1)
where we have introduced the gravitational coupling constant κ, the spacetime
scalar curvature R, the modified gravity coupling constant α, and a cosmological
constant Λ.
As in the RSI model [3], we introduce a ’visible’ brane (where SM fields are
confined) located at y = 0 with tension τRS, and a ’hidden’ brane located at y = L
and having the negative tension −τRS, where the coordinate y parametrizes extra
dimension with the orbifold identification −y ∼ y. Accordingly, our full action is
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given by
S = Sgr. + Svis. + Shid. , (2)
where
Shid. = −τRS
∫
d4xdy
√−g δ(y − L) , (3)
Svis. = τRS
∫
d4xdy
√−g δ(y) . (4)
Our paper is organized as follows. In Sec. 2 we perform the duality transfor-
mation converting the modified gravity into a scalar-tensor gravity, which greatly
simplifies our treatment, because it allows us to get rid of the higher derivatives
in the action (1). The scalar potential is studied in Sec. 3. In Sec. 4 we derive
the brane-world equations for the warp factor coupled to extra dynamical scalar
in five dimensions, and study their solutions. Sec. 5 is our Conclusion.
2 Duality transform to scalar-tensor gravity
Let us replace R+ αR2 by (1 + 2αB)R−αB2 in the gravitational action (1), by
using a new scalar field B in five dimensions, as
Sgr. =
1
2κ2
∫
d5x
√−g[(1 + 2αB)R− αB2 − Λ] . (5)
The equation of motion of the field B is algebraic and reads B = R. Hence, after
substituting it back to the action (5) we get the equivalent action (1).
The action (5) can be brought to Einstein frame by a Weyl transformation
in five dimensions (cf. the similar transformation familiar in four dimensions, as
was introduced in [6, 7, 8]),
gAB = Ω
−2g˜AB,
√−g = Ω−5
√
−g˜ , (6)
with a suitably chosen factor Ω. By using the induced relation
R = Ω2[R˜ + 8˜f − 12g˜ABf,Af,B] , (7)
where the tildes refer to the transformed quantities, and the definitions
f = lnΩ and f,A =
∂AΩ
Ω
, (8)
we find the gravitational action as follows:
Sgr. =
1
2κ2
∫
d5x
√
−g˜Ω−5[(1+2αφ)Ω2(R˜+8˜f−12g˜ABf,Af,B)−αB2−Λ] . (9)
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Hence, to get the transformed gravitational action in Einstein frame, we set
Ω3 = e3f = 1 + 2αB . (10)
It yields
f =
1
3
ln(1 + 2αB) (11)
and
Sgr. =
1
2κ2
∫
d5x
√
−g˜[R˜− 12g˜AB∂Af∂Bf − e−5f (αB2 + Λ)] . (12)
A canonically normalised scalar kinetic term is obtained after rescaling
φ = 2
√
3f/κ , (13)
so that we find
B =
exp
(√
3κφ
2
)
− 1
2α
(14)
and the scalar potential
V (φ) =
1
8ακ2
[
exp
(
κφ
2
√
3
)
− 2 exp
(
− κφ√
3
)
+ (1 + 4αΛ) exp
(
− 5κφ
2
√
3
)]
. (15)
As a result, the gravitational action takes the form
Sgr. =
1
2κ2
∫
d5x
√
−g˜R˜ +
∫
d5x
√
−g˜
[
−1
2
g˜AB∂Aφ∂Bφ− V (φ)
]
. (16)
Our main result of this Section is the scalar potential (15) induced by the
modified (R +R2) gravity in five spacetime dimensions.
3 Scalar dynamics in RSI brane-world
As is demonstrated in the previous Section, the net effect of adding the R2 term
to the gravitational action amounts to the presence of the extra dynamical scalar
field φ minimally coupled to gravity and having the scalar potential (15) in five
dimensions.
Note that the five-dimensional cosmological constant Λ enters both (15) and
(16) via the factor
β = 1 + 4αΛ , (17)
while the scalar potential is bounded from below provided that
β > 0 . (18)
4
Figure 1: The profile of the scalar potential 8ακ2V (φ) = V˜ (φ˜) for φ˜ = κ
2
√
3
φ
and β = 0.5. The value of the scalar potential at its minimum is given by
V˜ (φ˜0) ≈ −0.81. There are two solutions to V = 0: one at φ˜left ≈ −0.4 and
another at φ˜right ≈ 0.17, on the left and on the right of the AdS minimum,
respectively.
In addition, demanding the 5-dimensional cosmological constant to be negative,
as is needed in the RSI model, we get
β ≤ 1 . (19)
The profile of the scalar potential at β = 1/2 is given in Fig. 1.
The minimum of the scalar potential (15) is achieved at
φ˜0 =
κ
2
√
3
φ0 =
1
3
ln
(
−2 +
√
4 + 5β
)
(20)
so that, in particular, φ˜0 = φ0 = 0 for β = 1.
The value of the scalar potential at its minimum for any 0 < β ≤ 1 is given
by
8ακ2V (φ0) = V˜ (φ˜0) =
−6 (√4 + 5β − 2− β)(−2 +√4 + 5β)5/3 . (21)
The V˜0(φ˜0) is an increasing negative function of β for 0 < β < 1, and it vanishes
at β = 1.
Since β = 1 implies Λ = 0, we assume that 0 < β < 1 in what follows.
Then the value of the scalar potential at its minimum, defined by (21), is always
negative, which corresponds to an AdS vacuum.
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4 Modified RSI model
The Einstein equations for the action (16) in five dimensions read
G˜AB = R˜AB − 1
2
g˜ABR˜ = κ
2TAB , (22)
where we have introduced the total energy-momentum tensor
TAB = T
φ
AB + T
vis.
AB + T
hid.
AB (23)
as a sum of three contributions,
T φAB = ∂Aφ∂Bφ+ g˜AB
(
−1
2
g˜MN∂Mφ∂Nφ− V (φ)
)
, (24)
T hid.AB = e
− 5κ
2
√
3
φ
g˜ABτRSδ(y − L) , (25)
T vis.AB = −e−
5κ
2
√
3
φ
g˜ABτRSδ(y) . (26)
The RS Ansatz for the 5-dimensional spacetime metric with the 4-dimensional
Poincare´ symmetry is given by [3]
ds2 = e−2Aηµνdx
µdxν + dy2 , (27)
where the warp factor A(y) only depends upon the coordinate y of the hidden
(fifth) dimension, 1 and ηµν is Minkowski metric in four other dimensions.
The corresponding (non-vanishing) Christoffel symbols, Ricci tensor and Ricci
scalar are
Γ5µν = A
′e−2Aηµν , (28)
Rµν =
(
A′′ − 4A′2
)
e−2Aηµν , (29)
R55 = 4A
′′ − 4A′2 , (30)
R = 8A′′ − 20A′2 , (31)
respectively, where the primes denote the derivatives with respect to y.
Therefore, the Einstein equations take the form
G55 = 6(A
′)2 = κ2T55 = κ
2
[
1
2
(φ′)2 − V (φ)
]
, (32)
Gµν = −3
(
A′′ + 2A′
2
)
e−2Aηµν = κ
2Tµν , (33)
Tµν = g˜µν
[
−1
2
g˜55(φ′)2 − V (φ)
]
(34)
+ e
− 5κ
2
√
3
φ
e−2AηµντRSδ(y − L) (35)
− e− 5κ2√3φe−2AηµντRSδ(y) , (36)
1We denote by xµ the remaining (four) space-time coordinates.
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where we have assumed that the scalar field φ only depends upon y, because it is
also required by the four-dimensional Poincare´ invariance (on the visible brane).
The equation of motion of the scalar field φ(y) coupled to gravity reads
φ′′ + 4A′φ′ +
V (φ)
dφ
= 0 . (37)
As is already seen in Fig. 1, the scalar potential is very (exponentially) steep,
whereas the right-hand-side of Eq. (32) must be positive, so that a slow roll is
impossible. Therefore, the scalar field is quickly stabilized at its minimum (AdS
vacuum) φ0 in five dimensions.
We numerically verified the scalar stabilization with the potential (15) by
using Runge-Kutta method and the Maxima software in application to a system
of two coupled ordinary differential equations (32) and (37). When choosing the
parameters as β = 1/2 (as in Fig. 1) and α = 1/96 (it fixes the scale of V in
Eq. (37)), the initial conditions φ′ = V = A′ = 0 are consistent with (32). The
corresponding numerical solutions to the functions φ˜(y) and A′(y) are given in
Fig. 2. We conclude that the functions φ˜(y) and A′(y) quickly approach constant
values indeed, independently upon their initial conditions.
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Figure 2: (a) the functions φ˜(y), and (b) the functions A′(y), with the ”left” (red)
and ”right” (blue) initial conditions, respectively.
Once the scalar field is at its minimum (AdS vacuum) φ0 in five dimensions,
the standard RSI scenario applies, being described by the solution [3]
A(y) = k|y| , −L ≤ y ≤ L , k > 0 . (38)
In particular, the size L of the 5th dimension is related to the Planck mass MPl
in four dimensions as
κ2M2Pl =
1− e−2kL
2k
. (39)
7
All that is consistent with the other Einstein equations provided that
k2 = −κ2V (φ0) ≡ −κ2Vmin and τRS = 6k/κ2 . (40)
Then the negative cosmological constant in five dimensions is compensated on
the visible brane by its tension, so that we get Minkowski geometry there.
It is worth mentioning that the effective value of τRS gets modified in our
approach against the RSI one by the factor of e
− 5κ
2
√
3
φ0 , because of Eqs. (25) and
(26).
As in Ref. [3], the hierarchy between the electro-weak scale and the Planck
scale MPl in four dimensions (on the visible brane) is achieved via the presence
of the exponential factor e−kL induced by the extra dimension in the vacuum
expectation value of Higgs field, so that we must require kL ≈ ln 1016 ≈ 35. Then
the exponential term in Eq. (39) becomes very small and can be ignored. The
Newtonian limit of RSI model leads to the similar exponentially small corrections
to Newton law of gravity, which are not in conflict with observations.
5 Conclusion
Given the phenomenological viability of Randall-Sundrum brane world, as the
established and reasonable alternative to Kaluza-Klein compactification, it makes
sense to analyse stability of the RS brane-world against possible modifications of
gravity, as well as against quantum gravity corrections. In our investigation, we
did a small step in this direction by proving stability of the RSI model against
the simplest modification of the higher-dimensional gravity described by adding
the scalar curvature squared term in five dimensions.
An impact of the R2-modified gravity on the RSI model can be simply de-
scribed in terms of a single dynamical scalar field with the particular scalar poten-
tial (15). It is clear from our construction that this scalar has the gravitational
origin as spin-0 part of five-dimensional spacetime metric. We found that the
value of the RSI parameter k is determined by dynamics of that scalar in the
fifth dimension.
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